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1. Background 

This work is inspired by [3-11]. 

Here we consider the Prabhakar function (also known as the three parameter Mittag-Laffler function), (see [6], 
p. 97; [5])  
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where   is the gamma function; 0,>,:,,  R ,Rz  and      1...1=  kk  . It is 
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Here we follow [4]. 

Let Rba, , ba <  and  bax , ;   .,baCf   Let also   baC ,1  which is increasing. The left and right 
Prabhakar fractional integrals with respect to   are defined as follows:  
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and  
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where 0;>, ., R  

Functions (2) and (3) are continuous ([4]). 

Next, additionally, assume that   0x'  over  ba,  and let   baCf N ,,  , where  =N , (    is the 

ceiling of the number), N<0 . We define the  -Prabhakar-Caputo left and right fractional derivatives of order 

  ([4]) as follows (  bax , ):  
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One can write these (see (4), (5)) as  
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,,, xfexfD N
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and  
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where  
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  bax , .   

Functions (6) and (7) are continuous on  ba, . 

Next we define the  -Prabhakar-Riemann Liouville left and right fractional derivatives of order   ([4]) as 

follows (  bax , ,   baCf , ):  
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That is we have  
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  bax , .   

We define also the  -Hilfer-Prabhakar left and right fractional derivatives of order   and type 10    ([4]), 
as follows  
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  bax , .   
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When 0= , we get the Riemann-Liouville version, and when 1,=  we get the Caputo version. 

We call    N= , we have that   NNNN =<1   , hence   .= N  

We can easily write that  
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(16) 

  bax , .   

In this work we develop a great variety of fractional inequalities of Hardy type invovling convexity and engaging 
the above exposed:  -Prabhakar fractional left and right fractional integrals, the  -Prabhakar-Caputo left and 
right fractional derivatives, the  -Riemann-Liouville left and right fractional derivatives, and the  -Hilfer-
Prabhakar left and right fractional derivatives. The radial multivariate case of all of the above over a spherical shell 
is studied in full detail. We involve ratios of functions and of integral operators and we produce among others 
vectorial splitting rational Lp inequalities, as well as separating rational Lp inequalities. 

2. Prerequisites 

Let  111 ,,   and  222 ,,   be measure spaces with positive  -finite measures, and let 

R 21:k  be nonnegative measurable functions,  ,xk  measurable on 2 , and  

       .forany,,= 12
2

 xydyxkxK 
 

(17) 

We suppose that   0>xK  a.e. on 1  and by a weight function (shortly: a weight), we mean a nonnegative 
measurable function on the actual set. Let the measurable functions R1:ig , ,1,...,= ni  with the 
representation  

        ,,= 2
2

ydyfyxkxg ii   
(18) 

where R2:if  are measurable functions, ni 1,...,= . 

Denote by   n
nxxxx R,...,:== 1


,  nggg ,...,:= 1


 and  nfff ,...,:= 1



. 

We consider here RR  
n:  a convex function, which is increasing per coordinate, i.e. if ii yx  , ni 1,...,= , 

then  

    .,...,,..., 11 nn yyxx 
 

 

In [3], p. 588, we proved that 

Theorem 1 Let u  be a weight function on 1 , and ,k ,K ,ig ,if Nni 1,...,= , and   defined as above. 

Assume that the function    
 xK

yxk
xux

,
  is integrable on 1  for each fixed .2y  Define v  on 2  by  
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under the assumptions: 

(i) ,if  nff ,...,1 , are    ydyxk 2,   -integrable, 1  -a.e. in ,1x  for all ,1,...,= ni  

(ii)       yfyfyv n,...,1  is 2  -integrable.  

Notation 2 From now on we may write  
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We also can write that  

        ,, 2
2

ydyfyxkxg 
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and we mean the fact that  

        ,, 2
2

ydyfyxkxg ii 
 

(26) 

for all ,1,...,= ni  etc.  

Notation 3 Next let  111 ,,   and  222 ,,   be measure spaces with positive  -finite measures, and let 

R 21:jk  be a nonnegative measurable function,  ,xk j  measurable on 2  and  

       .1,...,=,,,= 12
2

mjxydyxkxK jj  
 

(27) 
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We suppose that   0>xK j  a.e. on 1 . Let the measurable functions R1:jig  with the representation  

        ,,= 2
2

ydyfyxkxg jijji   
(28) 

where R2:jif  are measurable functions, ni 1,...,=  and .1,...,= mj  

Denote the function vectors  jnjjj gggg ,...,,:= 21


 and  ,,...,:= 1 jnjj fff


.1,...,= mj  

We say jf


 is integrable with respect to measure  , iff all jif  are integrable with respect to  . 

We also consider here   RRn
j : , ,1,...,= mj  convex functions that are increasing per coordinate. Again 

u  is a weight function on 1 .  

We make 

Remark 4 Following Notation 3, let }{: 2  RjF  be measurable functions, ,1,...,= mj  with 

  <<0 yF j  on 2 . In (27) we replace  yxk j ,  by    yFyxk jj , , ,1,...,= mj  and we have the modified  xK j  

as  

         .,,:= 12
2
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We assume   0>xL j  a.e. on 1 . 

As new jf
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1x , all ;1,...,= mj .1,...,= ni  

So we can write  

            .1,...,=,,= 2
2

mjydyyFyxkxg jjjj 


  (31) 

We mention 

Theorem 5 ([3], p. 481) Here we follow Remark 4. Let }{1,...,m  be fixed. Assume that the function  
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We also mention 

Theorem 6 ([3], p. 519) Here all as in Notation 3 and Remark 4. Assume that the functions ( Nmj 1,2,...,= )  
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Let 1=
1

:1>
1= j

m

j
j p

p  . Let the functions   RRn
j : , ,1,...,= mj  be convex and increasing per coordinate. 

Then  
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  is 2  -integrable, .1,...,= mj  

We make 

Remark 7 Let  111 ,,   and  222 ,,   be measure spaces with positive  -finite measures, and let 

R 21:k  be nonnegative measurable functions,  ,xk  measurable on 2 , and  

       .forany,,= 12
2

 xydyxkxK 
 

 

We assume   0>xK  a.e. on 1  and the weight functions are nonnegative functions on the related set. We 
consider measurable functions R1:ig , with the representation  

        ,,= 2
2

ydyfyxkxg ii   

 

where R2:if  are measurable functions, ni 1,...,= . Here u  stands for a weight function on 1 . So we 

follow Notation 3 for 1== mj . We write here  ,,...,:= 1 nggg
  nfff ,...,:= 1


.  

We set  
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We assume that  
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    ,,a.e.on,<<0 bayf
q

  (37) 

 q1  fixed. 

Let  

         ,,,:= 12
2

 xydyfyxkxL
q
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 q1  fixed. 

We assume   0>xLq  a.e. on .1  

We furher assume that the function  

      
  
















xL

yfyxkxu
x

q

q
,

  (39) 

is integrable on 1 , for almost each fixed 2y . 
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Here RR  
n:  is a convex and increasing per coordinate function. 

We mention 

Theorem 8 ([3], p. 536) Let all here as in Remark 7. Then  



Vectorial Prabhakar Hardy Type Generalized Fractional Inequalities George A. Anastassiou 

 

42 

   
   














 xd

xL

xg
xu

q
1

1

   
 

 
 ,2

2

yd
yf

yf
yW

q

q 
















  (42) 

under the assumptions: 

(i) 
 
 

q
yf

yf
 ,

 

  

















q
yf

yf
 are both      ydyfyxk

q
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Theorem 8 comes directly from Theorem 1. 

We will also use: 

Let  111 ,,  ,  222 ,,   measure spaces with positive  -finite measures, and R 21:ik  are 

nonnegative measurable functions, with  ,xki  measurable on 2 , and measurable functions R1:jig  :  

        ,,= 2
2

ydyfyxkxg jiiji   

 

where R2:jif  are measurable functions, for all 1,2;=j mi 1,...,= . 

Theorem 9 ([3], p. 552) Here   <<0 2 yf i , a.e., .1,...,= mi  Assume that the functions ( Nmi 1,...,= )  
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a.e. on .2  

Let 1.=
1
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1= i

m

i
i p
p   Let the functions   RR:i , ,1,...,= mi  be convex and increasing. Then 
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3.Main Results 

We make 

Remark 10 Here 0;>,,, jjjj    baCf ji ,  and   baC ,1  which is increasing; mj 1,...,=  and 

ni 1,...,= . Set  
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 bay , , which jq  are continuous functions, mj 1,...,= . We have that  
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;1,...,= mj  where  q1  is fixed. 
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  bax , ,  q1 . 



Vectorial Prabhakar Hardy Type Generalized Fractional Inequalities George A. Anastassiou 

 

44 

We have that   0>xL jq
  on  ba, . 

Let  m1,...,  be fixed. The weight function u  is chosen so that  
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  bay , , and that 
mU  is integrable on  .,ba  

A direct application of Theorem 5 gives: 

Theorem 11 It is all as in Remark 10. Here   RRn
j : , mj 1,...,= , are convex functions increasing per 
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We make 

Remark 12 Here 0;>,,, jjjj    baCf ji ,  and   baC ,1  which is increasing; mj 1,...,=  and 

ni 1,...,= . Set  
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(54) 

;1,...,= mj  where  q1  is fixed. 

Here it is  
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We have that   0>xL jq
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A direct application of Theorem 5 gives: 

Theorem 13 It is all as in Remark 12. Here   RRn
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We make 

Remark 14 Here ;1,...,= mj .1,...,= ni  Let 0,>,, jjj  0,<j  and   ,,baCf jN
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Let  m1,...,  be fixed. The weight function u  is chosen so that  
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  bay , , and that 
m

CU  is integrable on  .,ba  

A direct application of Theorem 11, see also (6), gives: 

Theorem 15 It is all as in Remark 14. Here   RRn
j : , mj 1,...,= , are convex functions increasing per 

coordinate. Then  
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 dx
xL

xfD

xu
jq

C

j
j

ajjj

C

j

m

j

b

a





;

,,,

1=

 

 

 

  

    .
1=





















































































 











 dyyU
y

yf

dy
y

yf

m

C

q

N

b

a
jq

jN

j

j

b

a

m

j
j 











 (65) 

We make 

Remark 16 Here ;1,...,= mj .1,...,= ni  Let 0,>,, jjj  0,<j  and   ,,baCf jN

ji   jjN = , ;Nj

 ,,...,max:= 1 mNN   ,,baC    is increasing with   0x'  over  ba, . Set 

     ,1
= xf

dx

d

x
xf ji

jN

'

jN

ji 












  bax , . Set 

 
      ,max:=:=

;

,,,

1,...,=
1,...,=

;

,,, 








 yfDyfDy ji
j

bjjj

C

ni
mj

j
j

bjjj

C
j







  (66) 

and  

 

      1;,:=:=

1

;

,,,
1=

;

,,, 







  qyfDyfDy

qq

ji
j

bjjj

C
n

iq

j
j

bjjj

C
jq







  (67) 

 bay , , which all jq  are continuous functions, mj 1,...,= . We also have that  

    ,,in<<0 bayjq 
 

(68) 

;1,...,= mj  where  q1  is fixed. 

Here it is  

   =,:=, yxkyxk jj
C 

 

            








 





,<<0,

,<,,
1

xya

byxxyExyy j
j

j

jjNj
jjN' 


 

 

(69) 

,1,...,= mj  and  

          1:=   jjN'b

xjq
C xyyxL 

 

 

         ,, dyyxyE jq
j

j
j

jjNj 



   


 

(70) 

  bax , , ,1  q mj 1,...,= . 

We have that   0>xL jq
C   on  ba, . 
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Let  m1,...,  be fixed. The weight function u  is chosen so that  

 

   
   

 
,<

,

:=

1=

1=

1=


























 dx

xL

yxkxu

yyU

jq
C

m

j

j
C

m

jy

aj

q

m

j
m

C   (71) 

  bay , , and that 
m

CU  is integrable on  .,ba  

A direct application of Theorem 13, see also (7), gives: 

Theorem 17 It is all as in Remark 16. Here   RRn
j : , mj 1,...,= , are convex functions increasing per 

coordinate. Then  

 
 

  



















 



 dx
xL

xfD

xu
jq

C

j
j

bjjj

C

j

m

j

b

a





;

,,,

1=

 

 

 

  

    .
1=





















































































 











 dyyU
y

yf

dy
y

yf

m
C

q

N

b

a
jq

jN

j

j

b

a

m

j
j 











 (72) 

We make 

Remark 18 Here ;1,...,= mj .1,...,= ni  Let 0,>,, jjj  0,<j  and   ,,baCf ji   jjN = , ;Nj

 ,,...,max:= 1 mNN   ,,baC    is increasing with   0x'  over  ba, . Here 10  j  and 

 jjjjj N  = . We assume that   baCfD ji
jj
ajjj

RL ,
;1

,,, 





 





 , ,1,...,= mj .1,...,= ni  Set 

 
      ,max:=:=

;,

,,,

1,...,=
1,...,=

;,

,,, 








 yfyfyM ji
jj

ajjj

H

ni
mj

j
jj

ajjj

H
j







 DD  (73) 

and  

 

      1;,:=:=

1

;,

,,,
1=

;,

,,, 







  qyfyfyM

qq

ji
jj

ajjj

H
n

iq

j
jj

ajjj

H
jq







 DD  (74) 

 bay , , which all jqM  are continuous functions, mj 1,...,= . We also have that  

    ,,in<<0 bayM jq   
(75) 

;1,...,= mj  where  q1  is fixed. 

Here it is  
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   =,:=, yxkyxk jj
P 

 

            








 





,<<0,

,<,,
1

byx

xyayxEyxy j
j

jj

jjj
jj' 


 

 

(76) 

,1,...,= mj  and  

          1:=   jj'x

ajq
P yxyxL 

 

 

         ,, dyyMyxE jq
j

j
jj

jjj 



  

 
 

(77) 

  bax , ,  q1 . 

We have that   0>xL jq
P   on  ba, . 

Let  m1,...,  be fixed. The weight function u  is chosen so that  

 

   
   

 
,<

,

:=

1=

1=

1=


























 dx

xL

yxkxu

yMyU

jq
P

m

j

j
P

m

jb

yj

q

m

j
m

P  (78) 

  bay , , and that 
m

PU  is integrable on  .,ba  

A direct application of Theorem 11, see also (15), gives: 

Theorem 19 It is all as in Remark 18. Here   RRn
j : , mj 1,...,= , are convex functions increasing per 

coordinate. Then  

 
 

  



















 



 dx
xL

xf

xu
jq

P

j
jj

ajjj

H

j

m

j

b

a





;,

,,,

1=

D

 

 

 




















































 





 dy
yM

yfD

jq

j
jj

ajjj

RL

j

b

a

m

j
j







;1

,,,

1=

 (79) 

 

    .

;1

,,,













































 








 



 dyyU
yM

yfD

m
P

q

jj
ajjj

RL

b

a









 

 

We make 
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Remark 20 Here ;1,...,= mj .1,...,= ni  Let 0,>,, jjj  0,<j  and   ,,baCf ji   jjN = , ;Nj

 ,,...,max:= 1 mNN   ,,baC    is increasing with   0x'  over  ba, . Here 10  j  and 

 jjjjj N  = . We assume that   baCfD ji
jj
bjjj

RL ,
;1

,,, 





 





 , ,1,...,= mj .1,...,= ni  Set 

 
      ,max:=:=

;,

,,,

1,...,=
1,...,=

;,

,,, 








 yfyfyM ji
jj

bjjj

H

ni
mj

j
jj

bjjj

H
j







 DD  (80) 

and  

 

      1;,:=:=

1

;,

,,,
1=

;,

,,, 







  qyfyfyM

qq

ji
jj

bjjj

H
n

iq

j
jj

bjjj

H
jq







 DD  (81) 

 bay , , which all jqM  are continuous functions, mj 1,...,= . We also have that  

    ,,in<<0 bayM jq   
(82) 

;1,...,= mj  where  q1  is fixed. 

Here it is  

   =,:=, yxkyxk jj
P 

 

            








 





,<<0,

,<,,
1

xya

byxxyExyy j
j

jj

jjj
jj' 


 

 

(83) 

,1,...,= mj  and  

         1:=   jj'b

xjq
P xyyxL 

 
        ,, dyyMxyE jq

j
j

jj

jjj 



  

 
 

(84) 

  bax , ,  q1 . 

We have that   0>xL jq
P   on  ba, . 

Let  m1,...,  be fixed. The weight function u  is chosen so that  

 

   
   

 
,<

,

:=

1=

1=

1=


























 dx

xL

yxkxu

yMyU

jq
P

m

j

j
P

m

jy

aj

q

m

j
m

P  (85) 

  bay , , and that 
m

PU  is integrable on  .,ba  

A direct application of Theorem 13, see also (16), gives: 
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Theorem 21 It is all as in Remark 20. Here   RRn
j : , mj 1,...,= , are convex functions increasing per 

coordinate. Then  

 
 

  



















 



 dx
xL

xf

xu
jq

P

j
jj

bjjj

H

j

m

j

b

a





;,

,,,

1=

D

 

 

 




















































 





 dy
yM

yfD

jq

j
jj

bjjj

RL

j

b

a

m

j
j







;1

,,,

1=

 (86) 

 

    .

;1

,,,













































 








 



 dyyU
yM

yfD

m
P

q

jj
bjjj

RL

b

a









 

 

We make 

Remark 22 The basic background here is as in Remark 10. Also  yjq  ,  q1 ,  bay ,  is as in (45), (46), 

(47);  yxk j ,  is as (48) and  xL jq
  as in (49), where  bayx ,,  . Here it is  

               ,=:= 1,
j

j
j

jj
j

jj axEaxxKxK 


   



 
(87) 

  bax , , mj 1,...,= . Indeed it is  

 
          

     









 





j

j
'

xa
j

j

ax

yx
yy

xK

yxk







1

],(=
,

 

     
      ,

1,

,






















j

j
j

jj

j
j

j

jj

axE

yxE













 

(88) 

  bayx ,,  , ;1,...,= mj   is the characteristic function. 

We define jqW  on  ba, , with appropiate choice of weight function u , by  

 
       

  ,<
,

:= 













  dx
xK

yxkxu
yyW

j

jb

yjqjq 
 

(89) 

  bay , , and that jqW  is integrable on  ba, ; .1,...,= mj  

A direct application of Theorem 6, see also (2), follows: 

Theorem 23 It is all as in Remark 22. Let 1=
1

:1>
1= j

m

j
j p

p  . Let the functions   RRn
j : , mj 1,...,= , be 

convex and increasing per coordinate. Then  
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 dx
xL

xfe

xu
jq

j
j

ajjj

j

m

j

b

a





;

,,,

1=

  
 
  .

1

1=

jpjp

jq

j

jj
q

b

a

m

j

dy
y

yf
yW



































 

 (90) 

We make 

Remark 24 The basic background here is as in Remark 12. Also  yjq  ,  q1 ,  bay ,  is as in (52), (53), 

(54);  yxk j ,  is as (55) and  xL jq
  as in (56), where  bayx ,,  . Here it is  

               ,=:= 1,
j

j
j

jj
j

jj xbExbxKxK 


   



 
(91) 

  bax , , mj 1,...,= . Indeed it is  

 
          

     









 





j

j
'

bx
j

j

xb

xy
yy

xK

yxk







1

),[=
,

 
     
      ,

1,

,






















j

j
j

jj

j
j

j

jj

xbE

xyE













 

(92) 

  bayx ,,  , mj 1,...,= . 

We define jqW  on  ba, , with appropiate choice of weight function u , by  

 
       

  ,<
,

:= 













  dx
xK

yxkxu
yyW

j

jy

ajqjq 
 

(93) 

  bay , , and that jqW  is integrable on  ba, ; .1,...,= mj  

A direct application of Theorem 6, see also (3), follows: 

Theorem 25 It is all as in Remark 24. Let 1=
1

:1>
1= j

m

j
j p

p  . Let the functions   RRn
j : , mj 1,...,= , be 

convex and increasing per coordinate. Then  

 
 

  



















 



 dx
xL

xfe

xu
jq

j
j

bjjj

j

m

j

b

a





;

,,,

1=

  
 
  .

1

1=

jpjp

jq

j

jj
q

b

a

m

j

dy
y

yf
yW



































 

 (94) 

We need 

Remark 26 The basic background here is as in Remark 14. Also  yjq  ,  q1 ,  bay ,  is as in (59), (60), 

(61);  yxk j
C ,  is as (62) and  xL jq

C   as in (63), where  bayx ,,  . Here it is  
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               ,=:= 1,
j

j
j

jjNj
jjN

jj
C axEaxxKxK 


  






 
(95) 

  bax , , mj 1,...,= . Indeed it is  

 
          

     



















jjN

jjN
'

xa
j

C

j
C

ax

yx
yy

xK

yxk







1

],(=
,

 

     
      ,

1,

,




























j
j

j

jjNj

j
j

j

jjNj

axE

yxE













 

(96) 

  bayx ,,  , mj 1,...,= . 

We define j
C
qW  on  ba, , with appropiate choice of weight function u , by  

 
       

  ,<
,

:= 













  dx
xK

yxkxu
yyW

j
C

j
C

b

yjqj
C
q 

 

(97) 

  bay , , and that j
C
qW  is integrable on  ba, ; .1,...,= mj  

A direct application of Theorem 23, see also (6), follows: 

Theorem 27 It is all as in Remark 26. Let 1=
1

:1>
1= j

m

j
j p

p  . Let the functions   RRn
j : , mj 1,...,= , be 

convex and increasing per coordinate. Then  

 
 

  



















 



 dx
xL

xfD

xu
jq

C

j
j

ajjj

C

j

m

j

b

a





;

,,,

1=

  
 

  .

1

1=

jpjp

jq

jN

j

jj

C

q

b

a

m

j

dy
y

yf

yW






















































 



 (98) 

We need 

Remark 28 The basic background here is as in Remark 16. Also  yjq  ,  q1 ,  bay ,  is as in (66), (67), 

(68);  yxk j
C ,  is as (69) and  xL jq

C   as in (70), where  bayx ,,  . Here it is  

               ,=:= 1,
j

j
j

jjNj
jjN

jj
C xbExbxKxK 


  






 
(99) 

  bax , , mj 1,...,= . Indeed it is  

 
          

     



















jjN

jjN
'

bx
j

C

j
C

xb

xy
yy

xK

yxk







1

),[=
,

 
     
      ,

1,

,




























j
j

j

jjNj

j
j

j

jjNj

xbE

xyE













 

(100) 

  bayx ,,  , .1,...,= mj  
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We define j
C
qW  on  ba, , with appropiate choice of weight function u , by  

 
       

  ,<
,

:= 













  dx
xK

yxkxu
yyW

j
C

j
C

y

ajqj
C
q 

 

(101) 

  bay , , and that j
C
qW  is integrable on  ba, ; .1,...,= mj  

A direct application of Theorem 25, see also (7), follows: 

Theorem 29 It is all as in Remark 28. Let 1=
1

:1>
1= j

m

j
j p

p  . Let the functions   RRn
j : , mj 1,...,= , be 

convex and increasing per coordinate. Then  

 
 

  



















 



 dx
xL

xfD

xu
jq

C

j
j

bjjj

C

j

m

j

b

a





;

,,,

1=

  
 

  .

1

1=

jpjp

jq

jN

j

jj

C

q

b

a

m

j

dy
y

yf

yW






















































 



 (102) 

We need 

Remark 30 The basic background here is as in Remark 18. Also  yM jq  ,  q1 ,  bay ,  is as in (73), 

(74), (75);  yxk j
P ,  is as (76) and  xL jq

P   as in (77), where  bayx ,,  . Here it is  

               ,=:= 1,
j

j
jj

jjj
jj

jj
P axEaxxKxK 


  






 
(103) 

  bax , , mj 1,...,= . Indeed it is  

 
          

     



















jj

jj
'

xa
j

P

j
P

ax

yx
yy

xK

yxk







1

],(=
,

 

     
      ,

1,

,




























j
j

jj

jjj

j
j

jj

jjj

axE

yxE













 

(104) 

  bayx ,,  , mj 1,...,= . 

We define j
P
qW  on  ba, , with appropiate choice of weight function u ,  

 
       

  ,<
,

:= 













  dx
xK

yxkxu
yMyW

j
P

j
P

b

yjqj
P
q

 

(105) 

  bay , , and that j
P
qW  is integrable on  ba, ; .1,...,= mj  

A direct application of Theorem 23, see also (15), follows: 
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Theorem 31 It is all as in Remark 30. Here   RRn
j : , mj 1,...,= , are convex functions increasing per 

coordinate. Then  

 
 

  



















 



 dx
xL

xf
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P

j
jj

ajjj

H

j

m

j

b

a





;,

,,,

1=

D

 

 
 

  .

1

;1

,,,

1=

jpjp

jq

j
jj
ajjj

RL

jj

P

q

b

a

m

j

dy
yM

yfD

yW





















































 









 

(106) 

We need 

Remark 32 The basic background here is as in Remark 20. Also  yM jq  ,  q1 ,  bay ,  is as in (80), 

(81), (82);  yxk j
P ,  is as in (83) and  xL jq

P   as in (84), where  bayx ,,  . Here it is  

               ,=:= 1,
j

j
jj

jjj
jj

jj
P xbExbxKxK 


  






 
(107) 

  bax , , mj 1,...,= . Indeed it is  

 
          

     



















jj

jj
'

bx
j

P

j
P

xb

xy
yy

xK

yxk







1

),=
,

 

     
      ,

1,

,




























j
j

jj

jjj

j
j

jj

jjj

xbE

xyE













 

(108) 

  bayx ,,  , mj 1,...,= . 

We define j
P
qW  on  ba, , with appropiate choice of weight function u ,  

 
       

  ,<
,

:= 













  dx
xK

yxkxu
yMyW

j
P

j
P

y

ajqj
P
q

 

(109) 

  bay , , and that j
P
qW  is integrable on  ba, ; .1,...,= mj  

A direct application of Theorem 25, see also (16), follows: 

Theorem 33 It is all as in Remark 32. Here   RRn
j : , mj 1,...,= , are convex functions increasing per 

coordinate. Then  

 
 

  



















 



 dx
xL
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xu
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P

j
jj

bjjj

H

j

m

j

b

a





;,

,,,

1=

D

  
 

  .

1

;1

,,,

1=

jpjp

jq

j
jj

bjjj

RL

jj

P

q

b

a

m

j

dy
yM

yfD
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 (110) 
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We make 

Remark 34 Let   baCf i , , ni 1,...,= , and  nfff ,...,= 1 . We set  

       

     .,1;,:=

and

,,...,max:=

1

1=

1

bayqyfyf

yfyfyf

qq

i

n

iq

n












 
(111) 

Clearly it is     baCyf
q

, , for all  q1 . We assume that   0>
q

yf , a.e. on  ba, , for   1,q  

being fixed. 

Let  

        ,,,,:= baxdyyfyxkxL
q

x

aq    (112) 

 q1  fixed. 

We assume   0>xLq
  a.e. on  .,ba  

Here we considered  

   :=,:=, yxkyxk 
 

            






  

,<<0,

,<,,
1

byx

xyayxEyxy' 


 

 

(113) 

where 0;>,,,    baC ,1  which is increasing. 

The weight function u  is chosen so that  

 
       

  ,<
,

:= 












  dx

xL

yxkxu
yfyW

q

b

yq
q  (114) 

a.e. on  ba,  and that 
qW  is integrable on  ba, .  

A direct application of Theorem 8 produces: 

Theorem 35 Let all as in Remark 34. Here RR  
n:  is a convex and increasing per coordinate function. 

Then  
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.

;
,,,

dy
yf

yf
yWdx

xL

xfe
xu

q

q

b

a
q

ab

a 
































 








 (115) 

We make 

Remark 36 Let   baCf i , , ni 1,...,= , and  nfff ,...,= 1 . We set  

       

     .,1;,:=

and

,,...,max:=

1

1=

1

bayqyfyf

yfyfyf

qq

i

n

iq

n












 (116) 

Clearly it is     baCyf
q

, , for all  q1 . We assume that   0>
q

yf , a.e. on  ba, , for   1,q  

being fixed. 

Let  

        ,,,,:= baxdyyfyxkxL
q

b

xq    (117) 

 q1  fixed. 

We assume   0>xLq
  a.e. on  .,ba  

Here we considered  

   :=,:=, yxkyxk 
 

            






  

,<<0,

,<,,
1

xya

byxxyExyy' 


 

 

(118) 

where 0;>,,,    baC ,1  which is increasing. 

The weight function u  is chosen so that  

 
       

  ,<
,

:= 












  dx

xL

yxkxu
yfyW

q

y

aq
q  (119) 

a.e. on  ba,  and that 
qW  is integrable on  ba, .  

A direct application of Theorem 8 produces: 

Theorem 37 Let all as in Remark 36. Here RR  
n:  is a convex and increasing per coordinate function. 

Then  
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.

;
,,,

dy
yf

yf
yWdx

xL

xfe
xu

q

q

b

a
q

bb

a 
































 








 (120) 

Next we deal with the spherical shell: 

Background 38 We need: 

Let 2N , 1}=:{:=1 xxS NN R  the unit sphere on NR , where   stands for the Euclidean norm in NR . 

Also denote the ball   NN RxxRB RR  }<:{:=0, , 0>R , and the spherical shell  

     .<<0,0,0,:= 2112 RRRBRBA   
(121) 

For the following see [12, pp. 149-150], and [13, pp. 87-88]. 

For {0} Nx R  we can write uniquely rx = , where 0>= xr , and 1=  NS
r

x , 1.=  

Clearly here  

 ,)(0,={0} 1 NN SR  
(122) 

and  

   .,= 1
21

 NSRRA  
(123) 

We will be using 

Theorem 39 ([1, p. 322]) Let RAf :  be a Lebesgue integrable function. Then  

     .= 12

1
1  ddrrrfdxxf NR

RNSA






 

 
 

(124) 

So we are able to write an integral on the shell in polar form using the polar coordinates  .,r  

We need 

Definition 40 Let 0;>,,, w  ACf   and   21
1 ,RRC  which is increasing. The left and right radial 

Prabhakar fractional integrals with respect to   are defined as follows:  

                   ,= ,
1

1

;

1,,, dttftrwEtrtxfe 'r

RRw  



  

 
 

(125) 

and  

                   ,= ,
12;

2,,, dttfrtwErttxfe 'R

rRw  



  

   
(126) 

where Ax , that is rx = ,  21,RRr , 
1 NS .  
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Based on [1], p. 288 and [2, 4], we have that (125), (126) are continuous functions over A  when 1 . 

We make 

Remark 41 Let  ACf i  , where the shell A  is as in (121), ni 1,...,= , and  nfff ,...,= 1 . We set  

       

    .1;,:=

and

,,...,max:=

1

1=

1

Ayqyfyf

yfyfyf

qq

i

n

iq

n












 (127) 

Clearly it is    ACyf
q
 ,  q1 . One can write that  

     ,1,=  qtfyf
qq

  (128) 

where  21,RRt , 1 NS ; ty = , by Background 38. 

We assume that   0>
q

yf  on A ,  q1  fixed. 

Consider the kernel  

                 ,)(:=,:=, ,
1

],1(



  trwEtrtttrktrk '

rR  
  

(129) 

where 0;>,,, w   21
1 ,RRC  which is increasing. 

Let  

         ,,== 2

1

dttftrkrLxL
q

R

Rqq  






   (130) 

Arx = ,  q1  fixed;  21,RRr , .1 NS  

We have that   0>rLq

  for ],,( 21 RRr  for every .1 NS  

Here we choose the weight       rLruxu q

== . 

Consider the function 

         ,<,== 2

1







 






  drtrktftWyW

R

Rq
qq   

(131) 

  21,RRt , ;1 NS  and  tWq

  is integrable over  21,RR ,  .1 NS  

Here RR  
n:  is a convex and increasing per coordinate function. By (115) we obtain  
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,2

1

;

1,,,
2

1

dt
tf

tf
tWdr

rL

rfe
rL

q

q

R

R
q

Rw

q

R

R 
































 






 














 (132) 

 .1 NS  

Here we have 21 RrR  , and 1
2

11
1

  NNN RrR , and NNN RrR   1
1

11
2 , also 1=11 NN rr  . Thus by (132), 

we have  

 
 

  
















 





 drr

rL

rfe
rL N

q

Rw

q

R

R

1

;

1,,,
2

1 







  
 

 
,12

1

1

1

2 drr
rf

rf
rW

R

R N

q

q

R

R

N



































  (133) 

 .1 NS  

Therefore it holds  

 
 

  
































 





  









ddrr
rL

rfe
rL N

q

Rw

q

R

RNS

1

;

1,,,
2

1
1   

 

 
.12

1
1

1

1

2 



 ddrr

rf

rf
rW

R

R N

q

q

R

RNS

N








































 




  (134) 

Using Theorem 39 we derive: 

Theorem 42 All as in Remark 41. Then  

 
 

  
















 




 dx

xL

xfe
xL

q

Rw

qA




;

1,,,

  
 

 
,

1

1

2 dx
xf

xf
xW

R

R

q

qA

N
























 




  (135) 

where         xfexfexfe nRwRwRw









;

1,,,1
;

1,,,
;

1,,, ,...,=   and coordinates are assumed to be continuous 

functions on A .  

We make 

Remark 43 Let  ACf i  , where the shell A  is as in (121), ni 1,...,= , and  nfff ,...,= 1 . We set  

       

    .1;,:=

and

,,...,max:=

1

1=

1

Ayqyfyf

yfyfyf

qq

i

n

iq

n












 (136) 

Clearly it is    ACyf
q
 ,  q1 . One can write that  
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     ,1,=  qtfyf
qq

  (137) 

where  21,RRt , 1 NS ; ty = , by Background 38. 

We assume that   0>
q

yf  on A ,  q1  fixed. 

Consider the kernel  

                 ,)(:=,:=, ,
1

)2,[



  rtwErttttrktrk '

Rr  
  (138) 

where 0;>,,, w   21
1 ,RRC  which is increasing. 

Let  

         ,,== 2

1

dttftrkrLxL
q

R

Rqq  






   (139) 

Arx = ,  q1  fixed;  21,RRr , .1 NS  

We have that   0>rLq

  for ],,( 21 RRr  for every .1 NS  

Here we choose the weight       rLruxu q

== . 

Consider the function 

         ,<,== 2

1







 






  drtrktftWyW

R

Rq
qq   

(140) 

  21,RRt , ;1 NS  and  tWq

  is integrable over  21,RR ,  .1 NS  

Here RR  
n:  is a convex and increasing per coordinate function. By (120) we obtain  

 

 
 

   
 

 
,2

1

;

2,,,
2

1

dt
tf

tf
tWdr

rL

rfe
rL

q

q

R

R
q

Rw

q

R

R 
































 






 














 (141) 

 .1 NS  

Here we have 21 RrR  , and 1
2

11
1

  NNN RrR , and NNN RrR   1
1

11
2 , also 1=11 NN rr  . Thus by (141), 

we have  

 
 

  
















 





 drr

rL

rfe
rL N

q

Rw

q

R

R

1

;

2,,,
2

1 







  
 

 
,12

1

1

1

2 drr
rf

rf
rW

R

R N

q

q

R

R

N



































  (142) 

 .1 NS  
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Therefore it holds  

 
 

  
































 





  









ddrr
rL

rfe
rL N

q

Rw

q

R

RNS

1

;

2,,,
2

1
1   

 

 
.12

1
1

1

1

2 



 ddrr

rf

rf
rW

R

R N

q

q

R

RNS

N








































 




  (143) 

Using Theorem 39 we derive: 

Theorem 44 All as in Remark 43. Then  

 
 

  
















 




 dx

xL

xfe
xL

q

Rw

qA




;

2,,,

  
 

 
,

1

1

2 dx
xf

xf
xW

R

R

q

qA

N
























 




  (144) 

where         xfexfexfe nRwRwRw









;

2,,,1
;

2,,,
;

2,,, ,...,=   and coordinates are assumed to be continuous 

functions on A .  

We need 

Definition 45 Let 0,>,, w 0< ,  =N , ;N  ACf N  and   ,, 21 RRC N   0r' , 
 ,, 21 RRr  and   is increasing. We define the  -Prabhakar-Caputo radial left and right fractional derivatives of 

order   as follows ( Ax ; rx = ,  ,, 21 RRr 1 NS ) 

      :== ;

1,,,
;

1,,, 



 rfDxfD Rw

C
RRw

C
R 

 
 

 
                dttf

dr

d

r
trwEtrt

N

'N
N'r

R



 












 




1
,

1

1  

(145) 

    ,= ;

1,,,

(125)

xfe N
RwN 







 

 

where  

 
         ,1

:== 


 rf
dr

d

r
rfxf

N

'
NN










 

(146) 

is the N th order  -radial derivative of ,f  

and  

      :== ;

2,,,
;

2,,, 



 rfDxfD Rw

C
RRw

C
R 

 
 

               


  rtwErtt N
N'R

r

N  


 ,
121

 
(147) 

 

         ,1=
1 ;

2,,,

(126)

xfedttf
dr

d

r
N

RwN
N

N

' 















 

 

 Ax .  
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In this work we assume that  fD Rw
C
R




;

1,,,   and  fD Rw
C
R




;

2,,,   are continuous functions over .A  

We make 

Remark 46 Let 0,>,, w 0< ,  =N , ;N  ,ACf N
i 

,1,...,= ni  and  ,,...,= 1 nfff  and 

  ,, 21 RRC N   0r' ,   ,, 21 RRr  and   is increasing. We follow Definition 45 and we set: 

          

      .1;,:=

and

,,...,max:=

1

1=

1

Ayqyfyf

yfyfyf

qqN
i

n

iq

N

N
n

NN
















 (148) 

One can write that  

       ,1,=  qtfyf
q

N

q

N   (149) 

where  21,RRt , 1 NS ; ty = . 

Notice that     ACyf
q

N  , .1  q  

We assume that    0>
q

N yf  on A ,  q1  fixed. 

Consider the kernel  

   :=,:=, trktrkC              .)( ,
1

],1(



  trwEtrtt N

N'
rR  




 
(150) 

Let  

          ,,== 2

1

dttftrkrLxL
q

N
CR

Rq
C

q
C  

   (151) 

Arx = ,  q1  fixed;  21,RRr , .1 NS  

We have that   0>rLq
C   for ],,( 21 RRr  .1 NS  

Here we choose the weight    == ruxu  rLq
C  . 

Consider the function 

          ,<,== 2

1







   drtrktftWyW

CR

Rq

N
q

C
q

C    (152) 

  21,RRt , ;1 NS  and  tWq
C   is integrable over  21,RR ,  .1 NS  
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Here RR  
n:  is a convex and increasing per coordinate function.  

A direct application of Theorem 42, along with (145) follows: 

Theorem 47 All as in Remark 46. Then  

 
  

  
















 


 dx

xL

xfD
xL

q
C

Rw
C
R

q

C

A




;

1,,,

  
  
  

,
1

1

2 dx
xf

xf
xW

R

R

q

N

N

q

C

A

N


























 







 (153) 

where          xfDxfDxfD nRw
C
RRw

C
RRw

C
R










;

1,,,1
;

1,,,
;

1,,, ,...,=   and the coordinates are assumed to be 

continuous on A .  

We make 

Remark 48 Let 0,>,, w 0< ,  =N , ;N  ,ACf N
i 

,1,...,= ni  and  ,,...,= 1 nfff  and 

  ,, 21 RRC N   0r' ,   ,, 21 RRr  and   is increasing. We follow Definition 45 and we set: 

          

      .1;,:=

and

,,...,max:=

1

1=

1

Ayqyfyf

yfyfyf

qqN
i

n

iq

N

N
n

NN
















 (154) 

One can write that  

       ,1,=  qtfyf
q

N

q

N   (155) 

where  21,RRt , 1 NS ; ty = . 

Notice that     ACyf
q

N  , .1  q  

We assume that    0>
q

N yf  on A ,  q1  fixed. 

Consider the kernel  

   :=,:=, trktrkC              .)( ,
1

)2,



  rtwErttt N

N'
Rr  




 
(156) 

Let  

          ,,== 2

1

dttftrkrLxL
q

N
CR

Rq
C

q
C  

   (157) 

Arx = ,  q1  fixed;  21,RRr , .1 NS  
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We have that   0>rLq
C   for ],,( 21 RRr  .1 NS  

Here we choose the weight    == ruxu  rLq
C  . 

Consider the function 

          ,<,== 2

1







   drtrktftWyW

CR

Rq

N
q

C
q

C    (158) 

  21,RRt , ;1 NS  and  tWq
C   is integrable over  21,RR ,  .1 NS  

Here RR  
n:  is a convex and increasing per coordinate function.  

A direct application of Theorem 44, along with (147) follows: 

Theorem 49 All as in Remark 48. Then  

 
  

  
















 


 dx

xL

xfD
xL

q
C

Rw
C
R

q

C

A




;

2,,,

  
  
  

,
1

1

2 dx
xf

xf
xW

R

R

q

N

N

q

C

A

N


























 







 (159) 

where          xfDxfDxfD nRw
C
RRw

C
RRw

C
R










;

2,,,1
;

2,,,
;

2,,, ,...,=   and the coordinates are assumed to be 

continuous on A .  

We need 

Definition 50 Let 0,>,, w 0< ,  =N , ;N  ACf   and   ,, 21 RRC N   0r' , 
 ,, 21 RRr  and   is increasing. The  -Prabhakar-Riemann Liouville left and right radial fractional derivatives of 

order   are defined as follows (see also Definition 40) 

     :== ;

1,,,
;

1,,, 



 rfDxfD Rw

RL
RRw

RL
R       ,1 ;

1,,, xfe
dr

d

r RwN

N

'














 
(160) 

and  

     :== ;

2,,,
;

2,,, 



 rfDxfD Rw

RL
RRw

RL
R       ,1 ;

2,,, xfe
dr

d

r RwN

N

'















 
(161) 

 ;Ax  where rx = ,  ,, 21 RRr 1 NS .  

In this work we assume that  fD Rw
RL
R




;

1,,,  ,    ACfD Rw
RL
R 




;

2,,, . 

Next we define the  -Hilfer-Prabhakar left and right radial fractional derivatives of order   and type 

 0,1 , as follows (    N:= , see also Definition 40): 
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     :== ;,

1,,,
;,

1,,, 



 rfxf Rw

H
RRw

H
R  DD    ,;1

1,,,
;

1,,, xfDe Rw
RL
RRw











  

(162) 

and  

     :== ;,

2,,,
;,

2,,, 



 rfxf Rw

H
RRw

H
R  DD    ,;1

2,,,
;

2,,, xfDe Rw
RL
RRw













 
(163) 

 ;Ax  where rx = ,  ,, 21 RRr 1 NS . 

In this work we assume that  fRw
H
R




;,

1,,, D ,    ACfRw
H
R 




;,

2,,,D . 

We make 

Remark 51 Let 0,>,, w 0< ,  =N , ;N 10   ,  ,=   N  ,ACfi 
,1,...,= ni  and 

  ,, 21 RRC N   0r' ,   ,, 21 RRr  and   is increasing. We follow Definition 50, especially (162) and we 
set: 

    
        

        .1;,:=

and

,,...,max

:=

1

;1

1,,,
1=

;1

1,,,

;1

1,,,1
;1

1,,,

;1

1,,,

AyqyfDyfD

yfDyfD

yfD

qq

iRw
RL
R

n

iq
Rw

RL
R

nRw
RL
RRw

RL
R

Rw
RL
R








 
















 














 (164) 

One can write that  

         ,1,= ;1

1,,,
;1

1,,, 



 qtfDyfD

q
Rw

RL
R

q
Rw

RL
R 




  (165) 

where  21,RRt , 1 NS ; ty = . 

Notice that      ACyfD
q

Rw
RL
R 





;1

1,,, , .1  q  

We assume that     0>;1

1,,,
q

Rw
RL
R yfD 




  on A ,  q1  fixed. 

Consider the kernel  

   :=,:=, trktrkP 
             .)( ,

1
],1(




  trwEtrtt '
rR  




 
(166) 

Let  

           ,,== ;1

1,,,
2

1

dttfDtrkrLxL
q

Rw
RL
R

PR

Rq
P

q
P  





   (167) 
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Arx = ,  q1  fixed;  21,RRr , .1 NS  

We have that   0>rLq
P   for ],,( 21 RRr  .1 NS  

Here we choose the weight    == ruxu  rLq
P  . 

Consider the function 

           ,<,== 2

1

;1

1,,, 





 


  drtrktfDtWyW

PR

Rq
Rw

RL
Rq

P
q

P  
  (168) 

  21,RRt , ;1 NS  and  tWq
P   is integrable over  21,RR ,  .1 NS  

Here RR  
n:  is a convex and increasing per coordinate function.  

A direct application of Theorem 42, along with (162) follows: 

Theorem 52 All as in Remark 51. Then  

 
  

  
















 


 dx

xL

xf
xL

q
P

Rw
H
R

q

P

A




;,

1,,,D
  

   
   

,
;1

1,,,

;1

1,,,
1

1

2 dx
xfD

xfD
xW

R

R

q
Rw

RL
R

Rw
RL
R

q

P

A

N






































 





 (169) 

where          xfxfxf nRw
H
RRw

H
RRw

H
R










;,

1,,,1
;,

1,,,
;,

1,,, ,...,=  DDD  and the coordinates are assumed to be 

continuous on A .  

We make 

Remark 53 Let 0,>,, w 0< ,  =N , ;N 10   ,  ,=   N  ,ACfi 
,1,...,= ni  and 

  ,, 21 RRC N   0r' ,   ,, 21 RRr  and   is increasing. We follow Definition 50, especially (163) and we 
set: 

    
        

        .1;,:=

and

,,...,max

:=

1

;1

2,,,
1=

;1

2,,,

;1

2,,,1
;1

2,,,

;1

2,,,

AyqyfDyfD

yfDyfD

yfD

qq

iRw
RL
R

n

iq
Rw

RL
R

nRw
RL
RRw

RL
R

Rw
RL
R








 
















 














 (170) 

One can write that  

         ,1,= ;1

2,,,
;1

2,,, 



 qtfDyfD

q
Rw

RL
R

q
Rw

RL
R 




  (171) 
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where  21,RRt , 1 NS ; ty = . 

Notice that      ACyfD
q

Rw
RL
R 





;1

2,,, , .1  q  

We assume that     0>;1

2,,,
q

Rw
RL
R yfD 




  on A ,  q1  fixed. 

Consider the kernel  

   :=,:=, trktrkP 
             .)( ,

1
)2,[




  rtwErttt '
Rr  


  (172) 

Let  

           ,,== ;1

2,,,
2

1

dttfDtrkrLxL
q

Rw
RL
R

PR

Rq
P

q
P  





   (173) 

Arx = ,  q1  fixed;  21,RRr , .1 NS  

We have that   0>rLq
P   for ],,( 21 RRr  .1 NS  

Here we choose the weight    == ruxu  rLq
P  . 

Consider the function 

           ,<,== 2

1

;1

2,,, 





 


  drtrktfDtWyW

PR

Rq
Rw

RL
Rq

P
q

P  
  

(174) 

  21,RRt , ;1 NS  and  tWq
P   is integrable over  21,RR ,  .1 NS  

Here RR  
n:  is a convex and increasing per coordinate function.  

A direct application of Theorem 44, along with (163) follows: 

Theorem 54 All as in Remark 53. Then  

 
 

  















 

 dx
xL

xf
xL

q
P

Rw
H
R

q

P

A

)(;,

2,,,


D
  

   
  

,
)(;1

2,,,

;1

2,,,
1

1

2 dx
xfD

xfD
xW

R

R

q
Rw

RL
R

Rw
RL
R

q

P

A

N






































 





 (175) 

where         xfxfxf nRw
H
RRw

H
RRw

H
R










;,

2,,,1
;,

2,,,
;,

2,,, ,...,=)(  DDD  and the coordinates are assumed to be 

continuous on A .  

We make 

Remark 55 Let   baCf ji , , 1,2;=j ;1,...,= mi   baC ,1  which is increasing. Let also 0>,,, iiii   
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and   xfe ji
i

aiii




;

,,,  ,  bax ,  as in (2). We assume here that   <<0 2 yf i  on  ba, , .1,...,= mi  

Here we consider the kernel  

   =,:=, yxkyxk ii


 

            






  

,<<0,

,<,,
1

byx

xyayxEyxy i
i

i

ii
i' 


 

 

(176) 

.1,...,= mi  

Choose weight   0xu , so that  

 
       

  
,<

,
:=

2

;

,,,

2 




 dx
xfe

yxk
xuyfy

i
i

aiii

i
b

yii 




 
(177) 

a.e. on  ba, , and that i  is integrable on  ba, , .1,...,= mi  

Theorem 9 immediately implies: 

Theorem 56 All as in Remark 55. Let 1=
1

:1>
1= i

m

i
i p
p  . Let the functions   RR:i , ,1,...,= mi  be convex 

and increasing. Then  

 
  
  























 dx
xfe

xfe
xu

i
i

aiii

i
i

aiii
i

m

i

b

a
2

;

,,,

1

;

,,,

1=







 

   
  .

1

2

1

1=

ipip

i

i
ii

b

a

m

i

dy
yf

yf
y 





















 

 

(178) 

We make 

Remark 57 Let   baCf ji , , 1,2;=j ;1,...,= mi   baC ,1  which is increasing. Let also 0>,,, iiii   

and   xfe ji
i

biii




;

,,,  ,  bax ,  as in (3). We assume here that   <<0 2 yf i  on  ba, , .1,...,= mi  

Here we consider the kernel  

   =,:=, yxkyxk ii


 

            






  

,<<0,

,<,,
1

xya

byxxyExyy i
i

i

ii
i' 


 

 

(179) 

.1,...,= mi  

Choose weight   0xu , so that  
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,<

,
:=

2

;

,,,

2 




 dx
xfe

yxk
xuyfy

i
i

biii

i
y

aii 


  (180) 

a.e. on  ba, , and that i  is integrable on  ba, , .1,...,= mi  

Theorem 9 immediately implies: 

Theorem 58 All as in Remark 57. Let 1=
1

:1>
1= i

m

i
i p
p  . Let the functions   RR:i , ,1,...,= mi  be convex 

and increasing. Then  

 
  
  























 dx
xfe

xfe
xu

i
i

biii

i
i

biii
i

m

i

b

a
2

;

,,,

1

;

,,,

1=







 

   
  .

1

2

1

1=

ipip

i

i
ii

b

a

m

i

dy
yf

yf
y 





















 

 

(181) 

We make 

Remark 59 Let 1,2;=j ;1,...,= ni 0,>,, iii  0,<i  iiN = , ;Ni  ,,...,max:= 1 mNN

  ,,baC    0x'  over  ,,ba   is increasing;   baCf iN

ji ,  and 
      ,1

= xf
dx

d

x
xf ji

iN

'
iN

ji 







 

 bax , . Here 

       ,=
;

,,,

(6)
;

,,, xfexfD iN

ji
i

aiiiNiji
i

aiii

C









  

(182) 

  bax , , 1,2;=j .1,...,= mi  

We assume that 
   <<0 2 yf iN

i  on  ,,ba .1,...,= mi  

Here we consider the kernel 

   =,:=, yxkyxk ii
C 

 

            






  




,<<0,

,<,,
1

byx

xyayxEyxy i
i

i

iiNi
iiN' 


 

 

(183) 

.1,...,= mi  

Choose weight 0,u  so that  

 
        

  
,<

,
:=

2

;

,,,

2 




 dx
xfD

yxk
xuyfy

i
i

aiii

C

i
C

b

y

iN

ii
C






 
(184) 

a.e. on  ba, , and that i
C  is integrable on  ba, , .1,...,= mi  
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Theorem 56 immediately produces: 

Theorem 60 All as in Remark 59. Let 1=
1

:1>
1= i

m

i
i p
p  . Let the functions   RR:i , ,1,...,= mi  be convex 

and increasing. Then  

 
  
  























 dx
xfD

xfD
xu

i
i

aiii

C

i
i

aiii

C

i

m

i

b

a
2

;

,,,

1

;

,,,

1=







 

 
  
  

.

1

2

1

1=

ipip

iN

i

iN

i

ii

Cb

a

m

i

dy
yf

yf
y







































 

(185) 

We make 

Remark 61 Let 1,2;=j ;1,...,= ni 0,>,, iii  0,<i  iiN = , ;Ni  ,,...,max:= 1 mNN

  ,,baC    0x'  over  ,,ba   is increasing;   baCf iN

ji ,  and 
      ,1

= xf
dx

d

x
xf ji

iN

'
iN

ji 







 

 bax , . Here 

         ,1=
;

,,,

(7)
;

,,, xfexfD iN

ji
i

biiiNi
iN

ji
i

biii

C









 

 

(186) 

  bax , , 1,2;=j .1,...,= mi  

We assume that 
   <<0 2 yf iN

i  on  ,,ba .1,...,= mi  

Here we consider the kernel 

   =,:=, yxkyxk ii
C 

 

            






  




,<<0,

,<,,
1

xya

byxxyExyy i
i

i

iiNi
iiN' 


 

 

(187) 

.1,...,= mi  

Choose weight 0,u  so that  

 
        

  
,<

,
:=

2

;

,,,

2 




 dx
xfD

yxk
xuyfy

i
i

biii

C

i
C

y

a

iN

ii
C






 
(188) 

a.e. on  ba, , and that i
C  is integrable on  ba, , .1,...,= mi  

Theorem 58 immediately produces: 

Theorem 62 All as in Remark 61. Let 1=
1

:1>
1= i

m

i
i p
p  . Let the functions   RR:i , ,1,...,= mi  be convex 

and increasing. Then  
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 dx
xfD

xfD
xu

i
i

biii

C

i
i

biii

C

i

m

i

b

a
2

;

,,,

1

;

,,,

1=







 

 
  
  

.

1

2

1

1=

ipip

iN

i

iN

i

ii

Cb

a

m

i

dy
yf

yf
y







































 

(189) 

We make 

Remark 63 Let 1,2;=j ;1,...,= mi 0,>,, iii  0,<i  iiN = , ;Ni  ,,...,max:= 1 mNN
  ,,baC    0x'  over  ,,ba   is increasing;   baCf ji , . Let 10  i  and  iiiii N  = , 

mi 1,...,= . We assume that     baCfD ji
ii
aiii

RL ,
;1

,,, 



  and     

 <<0 2

;1

,,, yfD i
ii
aiii

RL 
  on  ba, , mi 1,...,= . Here 

we have 

       ,=
;1

,,,

;

,,,

(15)
;,

,,, xfDexf ji
ii
aiii

RL
ii

aiiiiji
ii

aiii

H 












D

 

(190) 

  bax , , 1,2;=j .1,...,= mi  

Here we consider the kernel 

   =,:=, yxkyxk ii
P 

 

            






  




,<<0,

,<,,
1

byx

xyayxEyxy i
i

ii

iii
ii' 


 

 

(191) 

.1,...,= mi  

Choose weight 0,u  so that  

 
          

  
,<

,
:=

2

;,

,,,

2

;1

,,, 





  dx
xf

yxkxu
yfDy

i
ii

aiii

H

i
P

b

yi
ii
aiii

RL
i

P






D
 

(192) 

a.e. on  ba, , and that i
P  is integrable on  ba, , .1,...,= mi  

Theorem 56 immediately produces: 

Theorem 64 All as in Remark 63. Let 1=
1

:1>
1= i

m

i
i p
p  . Let the functions   RR:i , ,1,...,= mi  be convex 

and increasing. Then  

 
  
  























 dx
xf

xf
xu

i
ii

aiii

H

i
ii

aiii

H

i

m

i

b

a
2

;,

,,,

1

;,

,,,

1=






D

D

 

 
   
   

.

1

2

;1

,,,

1

;1

,,,

1=

ipip

i
ii
aiii

RL

i
ii
aiii

RL

ii

Pb

a

m

i

dy
yfD

yfD
y
































 






 







 

(193) 

We make 
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Remark 65 Let 1,2;=j ;1,...,= mi 0,>,, iii  0,<i  iiN = , ;Ni  ,,...,max:= 1 mNN
  ,,baC    0x'  over  ,,ba   is increasing;   baCf ji , . Let 10  i  and  iiiii N  = , 

mi 1,...,= . We assume that     baCfD ji
ii
biii

RL ,
;1

,,, 



  and     

 <<0 2

;1

,,, yfD i
ii
biii

RL 
  on  ba, , mi 1,...,= . Here 

we have 

       ,=
;1

,,,

;

,,,

(16)
;,

,,, xfDexf ji
ii
biii

RL
ii

biiiiji
ii

biii

H 












D

 

(194) 

  bax , , 1,2;=j .1,...,= mi  

Here we consider the kernel 

   =,:=, yxkyxk ii
P 

 

            






  




,<<0,

,<,,
1

xya

byxxyExyy i
i

ii

iii
ii' 


 

 

(195) 

.1,...,= mi  

Choose weight 0,u  so that  

 
          

  
,<

,
:=

2

;,

,,,

2

;1

,,, 





  dx
xf

yxkxu
yfDy

i
ii

biii

H

i
P

y

ai
ii
biii

RL
i

P






D
 

(196) 

a.e. on  ba, , and that i
P  is integrable on  ba, , .1,...,= mi  

Theorem 58 immediately produces: 

Theorem 66 All as in Remark 65. Let 1=
1

:1>
1= i

m

i
i p
p  . Let the functions   RR:i , ,1,...,= mi  be convex 

and increasing. Then  

 
  
  























 dx
xf

xf
xu

i
ii

biii

H

i
ii

biii

H

i

m

i

b

a
2

;,

,,,

1

;,

,,,

1=






D

D

 

 
   
   

.

1

2

;1

,,,

1

;1

,,,

1=

ipip

i
ii
biii

RL

i
ii
biii

RL

ii

Pb

a

m

i

dy
yfD

yfD
y
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